Abstract. We study the scattering of Milky Way dark matter (DM) particles by spinpolarised target nuclei within a set of simplified models for fermionic and vector DM where DM interacts with spin 1/2 point-like nuclei through the exchange of a vector or pseudo-vector mediator particle. This study is motivated by the possibility of using polarised targets to gain novel insights into the nature of DM. For fermionic DM, we provide an explicit expression for the polarised DM-nucleus scattering cross section refining previous results found in the literature. For vector DM, we calculate the polarised cross section for DM-nucleus scattering for the first time. We find that polarised targets can in principle be used to discriminate fermionic from vector DM.
Introduction
There is strong evidence for the presence of invisible mass, or dark matter (DM), in our Universe [1] . While the evidence for DM is strong, it is only indirect and based upon gravitational effects on, e.g., stars, galaxies, galaxy clusters, the cosmic microwave background radiation, and the Universe at large [2] . For this reason, the nature of DM remains a mystery. In astroparticle physics it is standard to assume that DM is made of hypothetical particles, whose present cosmological density is set in the early Universe by chemical decoupling from the thermal bath [3] . WIMPs (for Weakly Interacting Massive Particles) represent the most extensively studied realisation of this hypothesis [4] . So far, WIMPs escaped detection, but complementary strategies have been proposed in the past decades to detect WIMPs in the laboratory, in space, or at particle accelerators [5] . The so-called direct detection technique [6, 7] will be crucial in testing the WIMP hypothesis in the coming years [8] [9] [10] [11] . It primarily searches for non-relativistic DM-nucleus scattering events in low-background experiments located deep underground [12] .
Assessing the performance of a direct detection experiment, key parameters are the exposure, the energy threshold, and the sensitivity to the direction of nuclear recoils [13] . While significant progress has been made along the three directions in the past decade, only recently it has been realised that the use of polarised targets would provide an additional handle on the nature of DM that direct detection experiments can exploit [14] . For example, it has been found that a polarised 3 He detector would in principle be able to discriminate DM signal events from solar neutrino-induced nuclear recoils with an efficiency of 98%, when the orientation of the polarisation axis is antiparallel to the direction of the Sun [15] . 3 He is an interesting target also for other reasons, e.g.: it has no intrinsic X-ray emission; it has a low natural radioactive background; and rejection of neutron-induced background events can easily be achieved through the process n+ 3 He→p+3H+764 keV [16, 17] . Methods to produce large samples of spin-polarised noble gasses, including helium, argon and xenon, are reviewed in [18, 19] .
The rate of DM scattering by polarised nuclei has for the first time been computed in [14] , focusing on fermionic DM scattering off a point-like spin 1/2 nucleus, and on interactions mediated by a vector or pseudo-vector mediator. A related study is the one presented in [15] , which focuses on polarised neutrino-nucleus scattering events as an experimental background to direct DM searches. In this article, we refine the results presented in [14] for fermionic DM (by correcting two sign errors found in the scattering cross section in Eq. (2) of [14] ), and extend them to the case of vector DM. In the case of scalar DM-nucleus scattering [20, 21] , the leading nuclear polarisation dependent terms arise at third order in the momentum transfer and are therefore expected to be generically smaller than the ones arising from models for fermionic and vector DM [14] . Our study is motivated by the possibility of using polarised targets to gain novel insights into the nature of DM which would otherwise be difficult to extract from the result of operating direct detection experiments. For example, we find that a signal at polarised direct detection experiments could in principle contain information on the DM particle spin.
The article is organised as follows. In Sec. 2 we review the theory of polarised DMnucleus scattering, focusing on nuclear recoil energy spectra and angular distributions which can be measured at direct detection experiments. Emphasis will be placed on the relation between these quantities and the squared modulus of the amplitude for polarised DM-nucleus scattering. Sec. 3 provides explicit expressions for the latter, focusing on a general set of simplified models for fermionic and vector DM [22] [23] [24] [25] , assuming a point-like spin 1/2 nucleus as a target. For all DM models considered here, nuclear recoil energy spectra and angular distributions are numerically evaluated in Sec. 4, where we also comment on the dependence of our results on the DM spin. We conclude in Sec. 5, collect useful Feynman rules for vector DM in Appendix A, and present an independent derivation of our results for fermionic DM in Appendix B.
Polarised dark matter-nucleus scattering
In this section we review the theory of polarised DM-nucleus scattering. We are interested in computing nuclear recoil energy spectra and angular distributions resulting from the scattering of DM particles by a sample of spin-polarised nuclei, and which can in principle be measured at direct detection experiments. To this end, let us introduce the polarisation vector of the target nuclei, s = 2 S N , where S N = σ N /2 is the nuclear spin operator, and σ N is a tridimensional vector whose components are Pauli matrices acting on the nucleus spin space. If DM couples to nuclei via parity violating interactions, the cross section for polarised DM-nucleus scattering can explicitly depend on s [14] . In this case, the vector s breaks the azimuthal symmetry of DM-nucleus scattering, and it is convenient to construct physical observables in terms of the triple differential rate of DM-nucleus scattering events per unit detector mass,
where ρ χ 0.4 GeV cm −3 [26] [27] [28] [29] , m χ is the DM particle mass, f ( v) and v the DM velocity distribution and incoming velocity in the detector rest frame, respectively, and dσ/dE R /dΩ the triple differential scattering cross section for polarised DM-nucleus scattering, which can be expressed as follows [30] 
Here, q is the momentum transferred along the nuclear recoil directionq, dΩ is an infinitesimal solid angle aroundq, and the differential cross section for polarised DM-nucleus scattering is given by [31] [32] [33] 
where E R = q 2 /(2m N ) is the nuclear recoil energy, m N the target nucleus mass, and |M| 2 the squared modulus of the amplitude for DM-nucleus scattering, summed over the final DM and nucleus spin states, and averaged over the initial DM spin configurations. Here, the initial nucleus polarisation state is assumed to be known (and the same for all nuclei in the detector). For the velocity distribution in Eq. (2.1), we assume a Maxwell-Boltzmann distribution truncated at the galactic escape velocity v esc = 544 km s −1 , and with most probable speed given by the circular speed of the local standard of rest, v 0 = 220 km s −1 . More specifically, 4) where 5) and v e is the Earth velocity in the galactic rest frame. An explicit expression for v e as a function of time is given in [34] . For simplicity, here we assume for v e the constant magnitude 232 km s −1 [35] . Taking into account the finite value of the escape velocity v esc , the tridimensional velocity integral in Eq. (2.1) must be divided into two parts, as explicitly shown below 6) where v min = m N E R /(2µ 2 ) is the minimum velocity a DM must have in the detector rest frame to deposit a nuclear recoil energy E R in the scattering, and µ is the DM-nucleus reduced mass. Furthermore, the integral over dv in Eq. (2.1) can be performed analytically by using the identity 
where
. In order to evaluate Eq. (2.8), we choose a reference frame with z-axis along the direction of v e (see Fig. 1 ). In this frame, the vectorsq,v, Figure 1 . An illustration of the coordinate system that is used to evaluate the triple differential rate of DM nucleus scattering events, Eq. (2.8). The red arrow identifies the direction of the polarisation vector of the target nuclei, which without loss of generality is taken to be in xz-plane. The purple arrow corresponds to the direction of nuclear recoil, and the blue arrow to the direction of the incoming DM particle. By construction, the velocity of the Earth in the galactic rest frame is taken to be in the z-direction.
where v is the DM particle velocity after scattering, can be written as followsq
and the infinitesimal solid angle dΩ can consistently be expressed in terms of the angles α and β, i.e. dΩ = dcosα dβ.
Scattering amplitudes
In this section we calculate the squared modulus of the amplitude for polarised DM-nucleus scattering, |M| 2 , in simplified models for fermionic and vector DM where the DM-nucleus interaction is mediated by the exchange of a heavy spin 1 particle. Here, a bar denotes average over initial DM spin states, and sum over final DM and nucleus spin configurations. Below, incoming and outgoing four-momenta for the DM particle (target nucleus) are denoted by p and p (k and k ), respectively. Furthermore, we define as q = k − k = p − p the momentum transferred from the nucleus to the DM particle [36, 37] . We also introduce the transverse relative velocity vector,
Finally, we assume nuclei to be point-like, with spin 1/2, and in a given initial spin state. The calculation of |M| 2 will allow us to numerically evaluate the cross section in Eq. (2.3) and the rate in Eq. (2.8).
Fermionic dark matter
In the case of fermionic DM, we calculate |M| 2 assuming the following Lagrangian for DMnucleus interactions
where χ and N are the DM particle and target nucleus spinor fields, respectively, G µ is a vector field describing the particle that mediates the interactions between DM and nuclei, G µν is the associated field strength tensor, γ µ , µ = 0, 1, 2, 3, and γ 5 are the five gamma matrices, and λ 3 , λ 4 , h 3 and h 4 are real coupling constants. In Eq. (3.2), / D represents a gauge covariant derivative, and a bar corresponds to hermitian conjugation times γ 0 . Finally, nucleus mass, DM particle mass, and mediator mass are denoted by m N , m χ and m G , respectively. From Eq. (3.2) and using standard Feynman rules, we obtain the following amplitude for DMnucleus scattering
where the four component spinors u χ andū χ (u N andū N ) are free spinor solutions to the Dirac equation for χ (N ). In the above expression, we assumed that the mediator particle is heavy, which implies q 2 m 2 G . Here, we are interested in processes where a DM particle scatters off an initially polarised nucleus. We therefore assume that the initial nuclear spin index r is fixed, while s, s , r ∈ {1, 2}. The spinor bilinears in Eq. (3.3) admit the following non-relativistic expansion [31] 
)ξ s , and σ N and σ χ are tridimensional vectors whose components are Pauli matrices acting on the nucleus and DM particle spin space, respectively. Here, ξ r and ξ s are two component spinors; the former arises from u N the latter from u χ . From here onwards, we will denote by s the matrix element ξ r † σ N ξ r of the nuclear polarisation operator (therefore omitting the fixed polarisation index r in the definition of s). Replacing Eq. (3.4) into Eq. (3.3), we find the following expression for iM
where we only considered terms at most linear in q and v ⊥ . Now we calculate |M| 2 , the squared modulus of iM averaged over initial DM spins, and summed over final DM and nuclear spin states,
From Eq. (3.5), we find
where we eliminated q in favour of v by using Eq. where a and b are arbitrary tridimensional vectors. Eq. (3.7) can be rewritten in a more compact form
if we define
By replacing Eq. (3.7) into Eqs. (2.3) and (2.8), we are now able to numerically evaluate differential cross section and event rate for polarised DM-nucleus scattering in the case of spin 1/2 DM.
Vector dark matter
In the case of vector DM, we calculate |M| 2 assuming the following Lagrangian for DMnucleus interactions
where X µ is the DM vector field, X µν and m X the associated field strength tensor and mass, respectively, and the other fields have the same meaning as in Eq. (3.2). In Eq. (3.11), b 6 and b 7 are complex coupling constants, whereas without loss of generality, b 3 , b 4 and b 5 can be taken as real. It is convenient to rewrite L int , the part involving b 6 and b 7 in the above Lagrangian, as follows
From Eqs. (3.11) and (3.12) and the Feynman rules in Appendix A, we find the DM-nucleus scattering amplitude
where sµ (p) and s ν * (p ) are polarisation vectors for the incoming and outgoing DM particle, respectively. In a reference frame where the z-axis is in the direction of the DM particle momentum, they read 14) where e 3 = p/| p| and e 3 = p /| p |. In the non-relativistic limit, the scattering amplitude in Eq. (3.13) is given by where we average over the three possible spin states of the incoming DM particle. We find the following result
where we only considered terms at most linear in v and v , and introduced the following coefficients 19) in analogy with the case of fermionic DM. Deriving Eq. (3.18), we used the following spin summation rules, e.g.
where a and b are arbitrary tridimensional vectors. Using Eq. (3.18), we can now numerically evaluate differential cross section and event rate for polarised DM-nucleus scattering in the case of spin 1 DM.
Recoil energy spectra and angular distributions
The results of Sec. 3 allow us to calculate nuclear recoil energy spectra and angular distributions resulting from the scattering of DM particles by polarised nuclei in direct detection experiments. Nuclear recoil energy spectra are proportional to the integral of the triple differential rate in Eq. (2.8) over all nuclear recoil directions within the solid angle α ∈ [0, π] and β ∈ [0, 2π]. Angular distributions are proportional to the energy integral of the triple differential rate in Eq. (2.8). In order to highlight the impact of polarisation dependent effects on physical observables, and compare results for fermionic and vector DM, it is convenient to study the function
instead of the triple differential rate in Eq. (2.8). Indeed, only s dependent terms survive in the difference of Eq. (4.1), where we wrote dR as a function of s only, and omitted the dependence of dR on other variables. The function in Eq. (4.1) is the purely polarisation dependent differential scattering rate. To numerically evaluate the latter for fermionic and vector DM, we must first set coupling constants and particle masses to benchmark values. For the particle masses we choose m χ = m X = m G = m N = 100 GeV, since among the masses that can currently be probed at direct detection experiments. Here we focus on the hypothetical case of a polarised detector employing heavy target nuclei. For the coupling constants, we focus on a scenario where the unpolarised part of the scattering rate is the same for fermionic and vector DM. This implies Furthermore, we assume maximal parity violation, in order to maximise the polarisation dependent contribution to the triple differential rate. A possible choice of coupling constants compatible with these requirements is
Notice that with this choice of coupling constants, the gamma matrices in the nuclear currents combine into left-handed projectors
As an aside comment, we also mention that the (b 6 ) parameter only enters the purely polarisation dependent part of the scattering rate. Consequently, one might in principle use measurements of polarisation dependent effects at direct detection experiments to constrain this parameter effectively. Let us now describe the results illustrated in Figs. (2) and (3). In these figures, left panels refer to spin 1/2 DM, whereas right panels correspond to spin 1 DM. Fig. 2 , top panels, shows the purely polarisation dependent part of the scattering rate in the cos α, β plane for a fixed recoil energy of 20 keV. The polarisation angle is chosen to be ϑ = π/2, which implies that a recoil at cos α = 0, β = 0, would be in the direction of the polarisation vector s. The azimuthal angle dependence in these plots is especially interesting, as it would not arise without parity violation, and, therefore, without a preferred direction in the problem, i.e. s, which breaks azimuthal symmetry. In Fig. 2 (top panels), we find a local maximum in the β = 0 direction at α = α * > π/2 (evident in the case of spin 1 DM). The exact value of α * varies with recoil energy, as can be seen in Fig. 2 , bottom panels, which shows Eq. (4.1) at β = 0 in the E R , cos α plane. Not only the value of the azimuthal angle α at which Eq. (4.1) is maximum depends on energy. Fig. 3 , top panels, shows the purely polarisation dependent part of the differential rate of scattering events at α = 3π/4 in the E R , β plane. As one can see from this figure, the value of the azimuthal angle β at which Eq. (4.1) is maximum also depends on nuclear recoil energy. It is maximum in a direction opposite to s for low energies, while for high energies it is in the same direction as the polarisation vector. This leads to a certain critical energy where the β-dependence of the differential event rate in Eq. (4.1) vanishes (around 10 keV for spin 1/2 DM and 4 keV for spin 1 DM). This critical energy depends on our choice of α (α = 3π/4 in this case), and also on the choice of polarisation angle (here ϑ = π/2). The bottom panels in Fig. 3 show the rate in Eq. (4.1) at α = 3π/4 and β = 0 in the E R , cos ϑ plane. For this choice of angles, and within the energy range considered here, the rate in Eq. (4.1) is maximum when the spin of the target nuclei points in a direction opposite to the Earth's motion in the galactic rest frame. It is minimum, when v e and s are aligned. Fig. 4 shows the triple differential event rate in Eq. (2.8), and its purely polarisation dependent part, Eq. (4.1), integrated over all nuclear recoil angles, α and β. In the figure, rates are unit normalised, and R j (∆R j ), j = 1/2, 1, denotes Eq. (2.8) (Eq. (4.1)) integrated over all energies and directions, with j = 1/2 for spin 1/2 DM, and j = 1 for spin 1 DM. In  Fig. 4 , the left panel refers to fermionic DM, whereas the right panel corresponds to vector DM. Each panel shows a blue line associated with the total rate, and a red line corresponding to its polarisation dependent part. By construction, the two lines are independent of the recoil direction. This figure illustrates an important result: even without directional information (but assuming a large exposure), it could be possible to observe polarisation dependent effects in the DM-nucleus scattering. Polarisation dependent effects are responsible for the differences observed in Fig. 4 (left and right panels) between red and blue lines. Such differences could be exploited to statistically discriminate between different DM particle spins. For spin 1/2 DM, the purely polarisation dependent part of the scattering rate has a maximum in the small nuclear recoil energy limit, while it peaks at around 20 keV for spin 1 DM. Notice that, consistently with our choice of coupling constants, see Eq. (4.3), the blue lines in the left and right panels of Fig. 4 coincide. On the other hand, the red lines in the two panels of Fig. 4 are different, and their exact shape depends on our choice of parameters. Consequently, if the polarisation dependent part of the DM-nucleus scattering rate were experimentally measurable, it would provide us with further information on the underlying Lagrangian for DM-nucleus interactions.
Conclusion
We studied the scattering of DM particles by spin-polarised target nuclei within a general set of simplified models for fermionic and vector DM, assuming that the scattering is mediated by a vector or pseudo-vector particle. This study was motivated by the possibility of using polarised targets to gain novel insights into the nature of DM which would otherwise be difficult to extract from the result of operating direct detection experiments. We presented our results in terms of nuclear recoil energy spectra and angular distributions, and provided explicit expressions for the underlying scattering amplitudes and cross-sections, separately focusing on spin 1/2 and spin 1 DM. In the case of spin 1/2 DM, we refined previous results in the literature by correcting two sign errors in the corresponding cross section for polarised DM-nucleus scattering. The new expression presented here is validated through a second calculation based on a different method, and by showing that the two results coincide. In the case of spin 1 DM, we calculated the cross section for polarised DM-nucleus scattering for the first time.
We found that a signal at polarised direct detection experiments could in principle be used to discriminate fermionic from vector DM. While this result is potentially very important, either a large exposure, or both directional sensitivity and the use of polarised targets is required in order to measure polarisation dependent effects in the rate of DM-nucleus scattering. Roughly, since ∆R j /R j ∼ 10 −3 , about 3 × 10 6 events would be necessary for a 3σ detection of a polarisation dependent signal at polarised direct detection experiments without directional sensitivity. This number of events is comparable with the total number of nuclear recoils observed in DAMA [14] . On the other hand, the required number of signal events is expected to decrease significantly when directional information is available. A quantitative answer to these questions would require Monte Carlo simulations, and goes beyond the scope of this article. However, the equations derived in this work set the ground for a critical assessment of the prospects for DM (spin) identification at next generation polarised DM direct detection experiments. In order to validate Eq. (3.7), below we provide an independent derivation of the same expression. As for the calculation in Sec. 3, the starting point for this second derivation is Eq. (3.3). Instead of taking the non-relativistic limit of Eq. (3.3), and then computing the squared modulus of the obtained result, here we calculate the squared modulus of the relativistic expression in Eq. (3.3) , and only at the end of the calculation take the non-relativistic limit. For the squared modulus of the relativistic expression for the amplitude iM in Eq. (3.3), we find where a dot denotes the scalar product between four-vectors, and the four-vector S = (0, s) fulfils the identity [38] After collecting the terms proportional to v · s and v · s, the above expression coincides with Eq. (3.7).
